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Eets of externally imposed periodi hanges in the environment on population dynamis are
studied with the help of a simple model. The environmental hanges are represented by the temporal
and spatial dependene of the ompetition terms in a standard equation of evolution. Possible
appliations of the analysis are on the one hand to bateria in Petri dishes and on the other to
rodents in the ontext of the spread of the Hantavirus epidemi. The analysis shows that spatio-
temporal strutures emerge, with interesting features whih depend on the interplay of separately
ontrollable aspets of the externally imposed environmental hanges.
PACS numbers: 05.10.-a, 87.23.C
INTRODUCTION
The mathematial study of population dynamis has
been a subjet of great interest in reent years, with ap-
pliation widely spread among dierent elds. An exam-
ple is the desription of emerging patterns in baterial
olonies [1, 2, 3, 4, 5, 6, 7℄. Other studies desribe the
behavior of the populations of superior organisms suh
as insets and rodents [8, 9, 10, 11℄.
If, in basi models for the desription of the evolution
of a given population, we fous attention on reprodu-
tion, ompetition for resoures, and diusion, the Fisher
equation [11, 12℄ appears to be a useful mathematial
tool:
∂u (x, t)
∂t
= D
∂2u (x, t)
∂x2
+ au (x, t)− bu2 (x, t) . (1)
Diusion with oeient D is onsidered here as well as
the growth of the population at rate a and a ompetition
proess weighted by b, also ontaining environmental fea-
tures. In the present paper, we onsider eets of spatio-
temporal dynamis in the nonlinear term as a represen-
tation of externally imposed or seasonal environmental
variations. We thus take b in Eq. 1 to be spae and
time dependent, b(x, t). Environmental variations ould
alternatively be onsidered as aeting a (suh that a is
dependent on time and spae rather than b) as has been
done in some earlier studies [3, 7℄. However, we restrit
our attention to a onstant a and varying b(x, t) beause
this allows us to dene a Fisher veloity and size in terms
of a onstant a. Following [7℄ we onsider a bounded re-
gion whih will be referred to as a bubble of favorable
onditions suitable for the survival of a given speies.
Outside of this region the environmental onditions are
so harsh that there is no possibility of survival.
Assoiated with the Fisher equation [12℄ there is a nat-
ural veloity and a natural length, 2
√
Da and pi
√
D/a,
respetively. The former is known as the Fisher veloity
and is the veloity at whih fronts tend to travel after
adjustments from most initial onditions [11℄. Thus, an
arbitrary shape of the initial population with ompat
support will have fronts that move, after initial tran-
sients, with the Fisher veloity. It is an important quan-
tity in experiments on bateria with moving masks [3℄ as
it represents the minimum mask veloity at whih ba-
teria tend to extintion, rather than being able to follow
the bubble through the ombined eet of growth and
diusion. The Fisher length pi
√
D/a arises [7, 13℄ in
the baterial ontext as the minimum length of the mask
below whih the steady state population of the bateria
vanishes as the bateria diuse out of the masked area
quiker than they an grow to any nite saturation value.
The Fisher length is thus the `diusion length' within the
growth time (reiproal of the growth rate a).
Consideration of these two quantities suggests that it is
natural to envisage two observations involving externally
imposed periodi variation of the environment. The rst
is one in whih experiments of the kind reported in ref.
[3℄ are arried out with the veloity varying periodially,
in other words with the bubble repeatedly returning to
its original position. This is the osillating bubble ase.
The seond experiment is one in whih the bubble extent
is made to vary from a large size to one below the Fisher
length (i.e. the extintion size). The objetive of the
latter (breathing bubble) experiment is to analyze ex-
tintion tendenies under periodi variations of the bub-
ble size. We analyze these two hypothetial experiments
in this paper through numerial alulations based on a
Crank-Niholson sheme.
TRAVELING BUBBLE
Solutions of the Fisher equation for bounded domains,
orresponding to stati bubbles, have been already dis-
ussed in [7℄ and referenes therein. A natural hange,
to be onsidered as a rst approximation to the problem
addressed here, is to allow a translation in the bubble.
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FIG. 1: The bold urve depits umax as the bubble moves
adiabatially; aeleration is aetively zero. The remain-
ing urve displays umax for a bubble aelerating linearly at
.1a
2
Wc.
We have performed a brief analysis of situations where
the veloity is onstant and the system's behavior orre-
sponds to that of a moving front, as well as others where
the veloity of the bubble hanges ontinuously. For the
former ase, and as mentioned in [11℄, we reover a riti-
al veloity beyond whih the front will no longer survive,
see bold urve of 1. As b → ∞ at the boundaries of the
bubble, the urves will abruptly go to zero, rather than
asymptotially as above. The analysis of this situation
an be done by making a hange of variables on Eq. (1).
If we set ξ = x−ct we obtain the following equation whih
is valid in the moving frame aompanying the bubble.
D
∂2u (ξ)
∂ξ2
+ au (ξ)− bu2 (ξ) + c∂u (ξ)
∂ξ
= 0. (2)
By measuring the maximum population density, umax,
of the front solution or the steady solution in a moving
frame, we obtain a urve that will be useful in interpret-
ing the following results. As the bubble aelerates in
the moving frame, the system is not allowed to relax into
a steady state, see the aelerating urve of Fig.1. The
time involved in the hanges indued by the aeleration
of the bubble ompete with the relaxation time of the
system. We will leave these results for now and reall
them later to understand the following analysis.
OSCILLATING BUBBLE
Here, the habitable bubble of xed width osillates as
a whole. We study two ases: sinusoidal veloity, and
a veloity whih is onstant but suddenly hanges dire-
tion at a given distane away from the original position.
All points within the amplitude of osillation will thus
be overed periodially for varying amounts of time. For
the purpose of omparison, we will onsider the veloity
to be an average veloity for the sinusoidal ase. The
parameters involved are the average veloity of the bub-
ble, v, the amplitude of osillation haraterized by the
distane between the enter of the bubble at the turning
points, A, the length of the bubble, W , and the Fisher
parameters: the diusion oeient, D, the growth rate,
a, and the ompetition term, b(x, t). For the following
analysis, b(x, t) is a step funtion that denes the shape
of the bubble. We have examined the following aspets
of Eq. (1):
• The role of eah of the three parameters, v, A, and
W , in the dynamis of the population.
• How the two ases (sinusoidal veloity and onstant
veloity) dier from eah other.
• Qualitative harateristis and omparisons be-
tween solutions for various parameter sets.
• The evolution of the population as diusion goes to
zero.
• The appearane of a urious dipping phenomenon.
Numerial Results for D>0
It is helpful to divide the behavior into two regimes
whih orrespond to no-extintion and extintion. The
parameters A, W , and the ritial bubble width, Wc =
pi
√
(D/a) [7, 13℄, are suient to dene these regimes. In
the steady state, bubble widths smaller than the ritial
value are unable to support a population density. This
feature now manifests itself in the amount of overlap be-
tween the two extremes of an osillating bubble. For
A < W there will be an area that is permanently ov-
ered by the bubble. When this overed area, from now
on referred to as the overlap, is greater than the ritial
width, the population will always survive to some degree.
This regime is bounded by 0 < A < (W −Wc).
In the other regime, extintion may our when there is
an overlap that is less than the ritial value, (W−Wc) <
A. The distane between the inner edges of the bubble
when A > W will be alled the separation, (A − W ).
Naturally, when there is a separation, no single loation
will reeive ontinuous overage by the bubble.
For either regime, if the veloity is below the Fisher
veloity, vf , the population will be able to follow the
osillating bubble. As the veloity inreases it beomes
more diult for the population density to keep up with
the moving bubble (via diusion and new growth). Some
of the population falls prey to the harsh environment
whih quikly redues the density. If b(x, t) is innite for
|x|>W/2, the exposed population will go extint, never
to return. For realisti as well as numerial purposes,
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FIG. 2: Temporal evolution of umax where in (a) A = 8Wc,
(b) A = 10Wc, and W = 10Wc in both. Eah urve is har-
aterized by one of seven sinusoidal bubble veloities, .1aWc,
1aWc, 3aWc, 5aWc, 7aWc, and 10aWc where vf = aWc when
D = aW
2
c , as in the plots above. Higher veloities indue
lower maximum population density values and thus drive a
population loser to extintion as the amplitude of osillation
inreases.
we will onsider b outside the bubble to be a large but
nite number. One outside of the bubble, the popula-
tion dereases immensely yet it now retains the ability
to regenerate. Due to the extended amount of time that
either end of the bubble's trajetory is sheltered, peaks of
inreased population density form at these extremes. As
the veloity is inreased, these peaks beome more pro-
nouned with respet to the maximum population den-
sity in the enter of the bubble's trajetory. They also
ome more frequently sine the bubble traverses the same
period of osillation more often, see in Fig. 2 and Fig.
3. The entire density prole osillates spatio-temporally
as the veloity inreases and varies with the amount of
overlap or separation.
For the zero extintion regime, high veloities ee-
tively wash out the osillatory behavior and the peaks
merge so that the length of permanent overlap then de-
termines the population density. The behavior of the
population in the extintion regime, (W −Wc) < A, is
the same exept for one ruial harateristi. Again, the
peaks at the endpoints ome loser together for higher
veloities, but they never merge. The population dies
out before a onstant density forms in the enter. As A
inreases, extintion ours for smaller and smaller ve-
loities.
In the disussion above an average veloity of the bub-
ble was assumed. We now make a distintion between
two types of veloities and their relative aets on the
population density. A bubble moving with sinusoidal ve-
loity lingers for longer time over the end points of its
trajetory and for shorter time in the enter as ompared
to the onstant veloity bubble. For a single loation,
a larger population density is permitted to grow if more
time is spent under the bubble. The basi qualitative dif-
ferenes of the population density thus follow from these
two aspets. Though the two veloities produe the same
essential behavior, we nd that there indeed exists a dif-
ferene between the two after long times. This will be
addressed in the nal setion.
To further understand the strutural hanges of the
population, we have examined the maximum population
density as it osillates parametrially in time. The shape
that is outlined an be roughly haraterized by a bowtie,
Fig. 3. The densities of the maxima, minima, enter, and
the spatial extremes are the four features that omprise
the qualitative dierenes between bowtie morphologies.
As the average veloity inreases these four points of
omparison within the bowtie undergo hanges in pro-
portion. The maxima of the bowtie move loser to the
enter (reall that in the no-extintion regime these max-
ima eventually merge). The minima move farther from
the enter. The spatial spread of the bowtie is smaller
and the overall values of the population density derease
for all positions. The dierene between the maxima and
minima of the bowtie, Ab (the amplitude of osillation of
the maximum population density) initially inreases and
then dereases as veloity inreases. Fig. 4 depits the
abrupt appearane and then gradual deay of the bowtie
as a funtion of veloity. The bowtie appears in both
nondiusive systems and diusive systems. Bowties of
the former develop amplitudes larger than those of the
latter. Also, bowties are formed at lower veloities for
the nondiusive than for the diusive system.
Analyti Results for D=0
We begin by onsidering the Fisher equation where
the osillation of the bubble is expliitly built into the
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FIG. 3: A variety of bowties exhibit the aets for dierent
values of v when a bubble of A = 8Wc, W = 10Wc and
D = aW
2
c moves with sinusoidal veloity. Veloities from
top to bottom range from aWc to 10aWc and inrement by
.5aWc where vf = aWc when D = aW
2
c . The trajetories
are parametri in time suh that umax is inreasing at the
endpoints.
argument of the ompetition parameter b(x, t) of Eq.(1).
∂u(z, t)
∂t
= a u(z, t)−b(z+
∫ t
0
v(s) ds)u(z, t)2+D
∂2u(z, t)
∂z2
The transformation φ = 1/u yields an equation of the
form
∂φ(z, t)
∂t
+ a φ(z, t) =
b
(
z +
∫ t
0
v(s) ds
)
+D
[
∂2φ(z, t)
∂z2
− 2
φ
(
∂φ
∂z
)2]
. (3)
By allowingD = 0, we reover the equation for a highly
damped linear osillator that is driven by an external
fore proportional to b(z +
∫ t
0
v(s) ds). The population
will thus follow the periodi foring funtion with a lag.
This osillator interpretation laries the struture of the
bowtie. Eah loation grows periodially, with a tempo-
ral lag, at the behest of the driving term. The loations
at the edges of the bubble's spatial trajetory will have
higher population densities beause the driving osilla-
tor lingers for longer time at a lower value (less harsh
onditions).
An additional transformation
x = z +
∫ t
0
v(s) ds,
and letting D = 0 leads to,
∂φ(x, t)
∂t
+ v(t)
∂φ(x, t)
∂x
+ a φ(x, t) = b(x). (4)
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FIG. 4: The amplitude of the bowtie is plotted against the
average veloity (whih here varies sinusoidally). The inset
shows the average umax after long time. The ombination of
the both show the validity of the analyti solution in the high
veloity regime when the urves for D = aW
2
c and D = 0
onverge.
The solution, as derived in [14℄, was found to be,
φ(x, t) = e−a t φ0 (x−
∫ t
0
v(s) ds)
+
∫ t
0
e−a (t−t
′) b
(
x−
∫ t′
0
v(s) ds
)
dt′ (5)
and nally, u(x, t) expliitly as
u(x, t) = (6)
u0(x−
∫ t
0
v(s) ds)
e−a t + u0(x−
∫ t
0
v(s) ds)
∫ t
0
e−a (t−t′) b(x−
∫ t′
0
v(s) ds) dt′
.
As the bubble's veloity greatly surpasses the Fisher ve-
loity, the eet of diusion beomes negligible. The dif-
fusion length per time ompetes with the veloity of the
bubble. Diusion is thus limited by the time a single lo-
ation is overed by the bubble and has little eet when
veloity is high. A solution thus exists in the high velo-
ity limit, refer to Fig. 4.
When the veloity is relatively low, v < vf , popu-
lation migration ours via diusion and new growth.
By letting D → 0 (orrespondingly, vf → 0 and riti-
al overlap→ 0) one might onlude that a population
annot maintain itself unless there is a bit of overlap.
This is true when the veloity is suh that growth an-
not our within the short period of overage by the bub-
ble. However, when these two rates (bubble veloity and
aW ) are omparable, osillations in the population den-
sity again arise in the diusionless ase. The bowties
in these irumstanes vaguely resemble those of before.
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FIG. 5: Amplitude of the front osillations for several veloi-
ties of the bubble where D = aW
2
c .
When A < W the maximum population density is al-
ways saturated; there are no means by whih to leave a
sheltered region without diusion. When A > W , the
bowtie limits to a U shape.
BREATHING BUBBLE
The breathing bubble orresponds to a situation when
the width of a anhored bubble varies in time. As before,
we onsider several ases and for eah of them a family
of values for the involved parameters. These parameters
are the veloity of the variation of the width, the mean
width of the bubble, the amplitude of the breath, and
again, the Fisher parameters of Eq. (1). We are inter-
ested in analyzing the relationship between the existene
of ritial values and the response of the population den-
sity to a hanging environment. We rst take the ase
when the bubble width osillates at a onstant speed but
always preserves a size above the ritial one. The inter-
esting aspet of this situation ours at the boundaries
of the bubble where population fronts are formed. The
fronts an follow the movement of the bubble when the
veloity of the breathing motion is under a ritial value.
Above this ritial value, the population is onned to
the minimum size of the bubble, whih indiates that
the population front an no longer follow the hanges of
the bubble. To show this we display in Fig. 5 the rela-
tive amplitude of the osillation of the population front,
Af/A vs. the speed of the bubble breath, where A is
the amplitude of breathing. We observe that at a ritial
value this amplitude goes to zero. That is, in spite of
the hanging size of the bubble, the population density
remains bounded statially.
Instead of a onstant value for the veloity of breath-
ing, we an take a xed frequeny for a sinusoidal behav-
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FIG. 6: Amplitude of the front osillations for several values
of the inverse of the frequeny of breathing of the bubble
where D = aW
2
c .
ior. The frequeny is assoiated with the breathing mo-
tion of the bubble boundaries. The results are analogous
to those displayed in Fig. 5. No qualitative dierenes
were found.
When the minimum size attained by the bubble during
the breathing is under the ritial size, the situation is
dierent. It is not enough to plot, as in previous exam-
ples, the amplitude of the osillation of the front beause
some variations in the maximum density of the popula-
tion are also observed. To visually understand what is
happening we again plot the temporal behaviour of max-
imum value of the population, umax as a funtion of the
momentary width of the breathing bubble. This is what
is shown in Fig. 7, where the trajetories are traversed
lokwise. As observed in the plots, if the veloity is low
enough, the size of the bubble will be under the ritial
size long enough to provoke the extintion of the popu-
lation. On the ontrary, for higher values of the veloity
there is a range of values at whih the population an sur-
vive. The response of the population to hanges is muh
slower than the dynamis of the environment. Eah of
the results obtained in this ase are essentially the same
as the orresponding results from the osillating bubble.
In partiular, the results displayed in Figs. 5 and 6 an
be assoiated with the disussion inluded in the previ-
ous setion, those inluded in Fig. 7 are analogous to the
bowtie eet.
FURTHER FEATURES
We now return to a surprising feature that arises only
in the presene of onstant bubble veloity and diu-
sion. Probing longer times reveals an overlying osillation
in the population density prole. For diusive systems,
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FIG. 7: Maximum value adopted by the population as a fun-
tion of the instantaneous width of the bubble. The velo-
ity of breathing is: a)0.1aWc b)1aWc )10aWc d)40aWc, and
D = aW
2
c .
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FIG. 8: After long times a periodi dip in all values of umax
is observed for onstant veloities. The sampling above, (A,
B, C, D, and E) orresponds to veloities (3.5aW , 4.5aW ,
5.5aW , 6.5aW , and 8.5aW , respetively) where vf = aW
beause D = aW
2
c .
D > 0, and onstant veloities, the entire bowtie dips
down and then bak up again in a periodi manner with
onstant amplitude. For dierent veloities the bowtie
dips and rises with dierent periods and amplitudes, see
Fig. 8. Also, notie that as veloity inreases, the fre-
queny of the alternative dip doesn't simply inrease as
well. Nor does the amplitude of the dip appear to hange
with the veloity. Sinusoidal veloities do not produe
this aet. Further analysis is neessary to ompletely
understand the origin of this behavior and its relation to
the two required onditions, diusion and onstant bub-
ble veloity.
CONCLUSIONS
In the present work, we have numerially studied the
behavior of a population whose dynamis are desribed
by a modied Fisher equation with additional environ-
mental variations. Analyti solutions were also onsid-
ered for simplied examples. The results presented here
show that besides the expeted behavior some surprising
features arise. There exist two main parameters that
haraterize the evolution of a given population: the
Fisher length and Fisher veloity. A given group of in-
dividuals will not survive if the habitat size is smaller
than the Fisher length. At the same time, the popula-
tion will not be able to maintain saturation when the
habitat moves with a veloity higher than the Fisher ve-
loity. With these two onsiderations we have examined
two types of periodially varying environments. Though
extintion of the population was veried in onditions
orresponding to the two situations mentioned above, it
was also found that some nontrivial senarios an also
arise. Situations in whih extintion was expeted ex-
hibited what we alled the bowtie eet. An interplay
between the time assoiated to the transient towards ex-
tintion and the periods of the hanging environments
is the ause of unexpeted behavior of the population.
We have also veried that there is a orrespondene be-
tween the results obtained when onsidering osillatory
or breathing bubbles, though the situations are dierent.
A diusionless approximation helped to understand the
origin of the observed phenomena in terms of osillating
perturbations. Perhaps the most unexpeted result is
that depited in Fig.8. An explanation for these features
is still in progress.
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